In the article, we prove that the function r → E(r)/S 9/2-p,p (1, r ) is strictly increasing on (0, 1) for p ≤ 7/4 and strictly decreasing on (0, 1) for p ∈ [2, 9/4], where
-
respectively. It is well known that the Stolarsky mean S p,q (a, b) is continuous on the domain {(p, q; a, b)|p, q ∈ R; a, b > }, symmetric with respect to its parameters p and q or variables a and b, and strictly increasing with respect its parameter p or q and variable a or b. Many classical bivariate means are special cases of the Stolarsky mean S p,q (a, b), for example,
The complete elliptic integral E(r) of the second kind can be expressed as
where
is the Gaussian hypergeometric function, (a) n = (a + n)/ (a) and (x) =
is the gamma function. It is well known that E(r) is strictly decreasing on (, ) and satisfies
Recently, the bounds for the complete elliptic integral E(r) of the second kind have attracted the interest of many researchers. In particular, many remarkable inequalities for E(r) can be found in the literature [-].
Let r ∈ (, ) and r = √  -r  . Then making use of (.) and (.) together with the power series formulas we have
Motivated by equation (.), we discuss the monotonicity of the function r → E(r)/S /-p,p (, r ) for certain p ∈ R, and present several new bounds for the complete elliptic integral of the second kind E(r) and the Toader mean
Lemmas
In order to prove our main results we need several lemmas, which we present in this section. Out of the next eight lemmas five were taken from other papers and the last three are due to the authors. 
) is strictly decreasing on (, c] and strictly increasing on [c, c)
.
is strictly decreasing on (-∞, c] and strictly increasing on [c, ∞).

Lemma . Let r ∈ (, ) and r
is strictly increasing from (, ) onto (, /π).
Proof Let G(r) be defined by Lemma .. Then we clearly see that
and both the functions r → -S /,/ (, r ) and r → /S /,/ (, r ) are positive and strictly increasing on (, ). It follows from (.) and (.) together with Lemma . that
and the function r →  -G(r) is also positive and strictly increasing on (, ).
Therefore, Lemma . follows from (.) and (.) together with the monotonicity and positivity of the functions r →  -S /,/ (, r ), r → /S /,/ (, r ), and r →  -G(r) on (, ).
is strictly decreasing from (, ) onto (/π, ).
Proof Let F(r) be defined by Lemma .. Then from (.) and (.) together with Lemma . we clearly see that 
Proof We clearly see that it suffices to prove that the function
Let r  , r  ∈ (, ) with r  < r  . Then  < /r  < /r  and Lemma . leads to
The homogeneity of degree  for the Stolarsky mean and (.) give the desired result. 
Main results
Theorem . Let p ∈ (-∞
,lim r→ + S /-p,p , r = lim r→ +  π E(r) = lim r→ + R p (r) = , (.)  π E(r) -S /-p,p , r = (p -/)(p -/)  ×   r  + o r  . (  .  )
It follows from (.), (.), (.), and L'Hôspital's rule that
Therefore, p ∈ (-∞, /] follows from p ∈ (-∞, /] and (.).
Next, we prove that the function r → R p (r) is strictly increasing on (, ) if p ∈ (-∞, /]. We divide the proof into two cases.
Case : p = /. Then the desired result follows directly from Lemma .. Case : p < /. Then R p (r) can be rewritten as
Therefore, the function r → R p (r) is strictly increasing on (, ) follows from Lemmas . and . together with (.).
() If p ∈ [, /], then we divide the proof into two cases. Case : p = . Then the desired result follows directly from Lemma .. Case : p ∈ (, /]. Then R p (r) can be expressed as
Therefore, the function r → R p (r) is strictly decreasing on (, ) follows from Lemmas . and . together with (.). 
). Then the double inequality
holds for all r ∈ (, ) and p ∈ (, /], and the double inequality
holds for all r ∈ (, ) and p ∈ [, /].
Letting p = /, /, /; , / and making use of (.), Lemmas . and ., then Corollary . leads to Corollary ..
Corollary . Let r ∈ (, ) and r = √  -r  . Then the inequalities
hold for all r ∈ (, ). 
From (.) we clearly see that all the results given in Corollaries .-. can be restated by the Toader mean T(a, b) .
Remark . Let θ (p, c) be defined by (.). Then the double inequality
holds for all a, b >  with a = b and p ∈ (, /], and the double inequality
holds for all a, b >  with a = b and p ∈ [, /]. Remark . Unfortunately, in the article we cannot present the monotonicity conclusion of the function r → R p (r) given by (.) on the interval (, ∞) for p ∈ (/, ) ∪ (/, ∞), we leave it as an open problem to the reader.
Remark . The inequalities
He / (a, b) < A / (a, b) < S /,/ (a, b) < T(a, b) <  π S /,/ (a, b) <  / π A / (a, b) <  ×  / π He / (a, b), e / π I / (a, b) <  π S /, (a, b) < T(a, b) < S /, (a, b) < I / (a, b), A / / (a, b)G / (a, b) < G / (a, b) He / / (a, b) < L / (a, b) < He / (a, b) < A / (a, b) < S /,/ (a, b) < T(a, b) < S /, (a, b) < I / (a, b), L / (a, b) < He / (a, b) < A / (a, b) < S /,/ (a, b) < T / (a, b) < S /,/ (a, b) < I / (a, b) (.) hold for all a, b >  with a = b, where T / (a, b) = T  (a / , b / ). Remark . Let p ∈ (-∞, /]. Then the inequality T(a, b) > S /-p,p (a, b) (  .   )
